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1 Exercise I: Chow Groups of the Circle

1.1 Why Chow groups?

Throughout this exposition, we fix a ground field k, and by a scheme we mean
a separated scheme of finite type over k. A variety means an integral separated
scheme of finite type over k (in particular, irreducible).

Homology and Cohomology have proven to be extremely useful as invariants of
topological spaces but they require extra structure like chain complexes to work.
The problem in AG is that our topologies are so different! It is for example
impossible to run the CW machinery on varieties. And we cannot always pretend
that we are over C to get the complex manifold structure, because a large part of
AG is transferring our geometric intuition from C to other fields and characteristics
and be able to go between them.

So we need to do (co)homology purely within the algebraic data. We want:

topological cycles ⇝ algebraic cycles

homologous cycles ⇝ algebraic notion of equivalence

It turns out we have natural candidates for both. The first part is almost tautologi-
cal:

Definition 1.1. Let X be a scheme. The group of algebraic cycles Z‚pXq is
the free abelian group on the set of closed subvarieties of X. Z‚pXq is graded
by dimension:

Z‚pXq “
à

i
ZkpXq,

where ZkpXq is the subgroup of dimension k subvarieties.

Following [Ful84], we use square brackets to denote algebraic cycles coming from
subvarieties, and greek letters for abstract cycles. In particular, if ‚ “ dim X ´ 1,
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then we recover the group of Weil divisors on X. Recall that for every non-zero
rational function f P kpXqˆ, we may associate to it a Weil divisor by collecting its
zeros and poles:

div f :“
ÿ

codim D“1

ordD f ¨ rDs.

For more on order of vanishing, cf. [Ful84].

The second part is also straightforward, because we already have the notion of
linear equivalence of divisors. Recall that two divisors C and D are linearly
equivalent (we write C „ D) if rCs “ div f ` rDs for some rational function f .

Definition 1.2. Two k-cycles α and β are rationally equivalent, written α „ β,
if there are a finite number of pk ` 1q-dimensional subvarieties Wi of X, and
rational functions fi P k pWiq

ˆ , such that

α ´ β “
ÿ

div p fiq .

Algebraic k-cycles rationally equivalent to 0 form a subgroup of ZkpXq,
denoted RatkpXq.

Definition 1.3. The kth Chow group is defined as the group of k-cycles
modulo rational equivalence.

CHkpXq :“ ZkpXq{ RatkpXq “ ZkpXq{ „ .

We can make the Chow groups into a direct sum graded by dimension:

CH‚pXq “
à

k
CHkpXq.

Okay, so rational equivalence looks like some beefed-up version of linear equiva-
lence of divisors, which works well in proofs but does not provide much intuition.
Thankfully, there is a more geometric way to think about rational equivalence.
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Proposition 1.4 ([EH16] 1.2). RatpXq Ă ZpXq is generated by differences of the
form

xΦ X ptt0u ˆ Xqy ´ xΦ X ptt1u ˆ Xqy ,

where t0, t1 P P1 and Φ is a subvariety of P1 ˆ X not contained in any vertical
fiber ttu ˆ X.

So rational equivalence is an algebraic version of homotopy/cobordism.

P1
0 8

Just like cohomology, there is a natural product structure on Chow groups corre-
sponding to intersection of cycles:

Theorem 1.5. If X is a
:::::::
smooth quasi-projective variety, then there is a unique

product structure on CHpXq satisfying the condition:

If two subvarieties A, B of X are generically transverse, then
rAsrBs “ rA X Bs.

This structure makes

CH‚
pXq “

dim X
à

c“0
CHc

pXq

into an associative, commutative ring, graded by codimension, called the Chow ring
of X.
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We use CH‚ to denote Chow groups, and when X is smooth, we use CH‚ to
denote the Chow ring.

Remark 1.6. Chow groups are closely connected with the Borel-Moore homology
groups, which is roughly the relative homology of the one-point compactification
relative to infinity.

1.2 Useful properties of Chow groups

Every scheme X has a fundamental class rXs which generates the top-dimension
Chow group.

We can:

• push forward algebraic
:::::::::
algebraic

:::::::
cycles under proper morphisms. (proper

pushforward–"wrong way map," preserves
:::::::::::
dimension.)

• pull back
:::::::
divisor

:::::::::::::
classes/line

:::::::::
bundles always.

• pull back
::::::::::
algebraic

:::::::
cycles under flat morphisms (flat pullback, preserves

::::::::::::::
codimension).

• pull back
::::::::::
algebraic

:::::::
cycles along any morphism between smooth schemes

(smooth pullback, preserves
::::::::::::::
codimension).

Theorem 1.7 (Excision). If Z Ď X is a closed subscheme, then the following
::::
right

:::::
exact

:::::::::
sequence, termed excision/localization sequence, holds for all degrees:

CH‚pZq Ñ CH‚pXq Ñ CH‚pX ∖ Zq Ñ 0.

If X is smooth, then CH‚pXq Ñ CH‚pX ∖ Zq is a ring homomorphism.

Proof

Z Ñ X is proper, and X ∖ Z Ñ X is flat. The above sequence follows from
proper pushforward and flat pullback. ■
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Theorem 1.8 (Mayer-Vietoris). If X1, X2 are closed subschemes of X, then there
is a right exact sequence for all degrees:

CH‚ pX1 X X2q Ñ CH‚ pX1q ‘ CH‚ pX2q Ñ CH‚ pX1 Y X2q Ñ 0.

Example 1.9.

CH‚
pAn

q – Z. CH‚
pPn

q – Zrηs{pηn`1
q, where η is the hyperplane class.

1.3 Chow groups of the circle

Now, let’s compute the Chow groups of the circle! By the circle we mean the
affine plane curve S1 Ď A2 defined by x2 ` y2 “ 1, say over R and C. Since S1

has dimension 1, we only need to compute the Chow groups CH0 and CH1.

First, the top dimension CH1 is just Z ¨ rS1s, so the interesting calculation is just
the Chow group of points.

For CH0, we remember that S1 Ď A2 comes from the projective curves C “ Zrx2 `

y2 ` z2s Ď P2 with the point at infinity p8 “ Zrx2 ` y2 ` z2, zs “ Zrx2 ` y2, zs

removed.

Notice that C is a plane conic curve with a rational point over R or trivially C, so
C – P1 (the proof is simply projecting from the rational point and extending to
an honest isomorphism).

Also for p8 “ Zrx2 ` y2, zs, since x, y, z cannot be all zero, and z is already zero at
infinity, we must have x, y ‰ 0. Therefore, we may elect to dehomogenize and set
y “ 1, so

p8 “ Spec krxs{px2
` 1q.

Now, let’s use the localization sequence:

CH0pp8q
φ

ÝÑ CH0pCq
Z

Ñ CH0pS1
q Ñ 0
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k “ R

Over the reals, p8 “ Spec Rrxs{px2 ` 1q – Spec C, and the RES becomes

Z
φ

Ñ Z Ñ CH0pS1
Rq Ñ 0,

where the homomorphism φ has the form p¨dq. We claim that d “ 2. This can be
seen from either of the following:

• The degree map deg : CH0pp8q – CH0pSpec Cq
Z

Ñ CH0pSpec Rq
Z

is given by

the degree of the field extension rC : Rs “ 2, and it factors as

CH0pp8q CH0pCRq

CH0pSpec Rq

φ

deg“p¨2q
–

Therefore, φ is multiplication by 2.

• More concretely, the rational function f pxq “ x2 ` 1 on P1
R has one zero at

px2 ` 1q “ p8 and two poles at 8 – Spec R, so

0 „ divp f q “ p8 ´ 2pSpec Rq.

CH0pS1
Rq is the cokernel of φ, hence isomorphic to Z{2.

CH‚pS1
Rq –

$

&

%

Z{2 ‚ “ 0

Z ‚ “ 1.

k “ C

Over the complex numbers, p8 “ Spec Crxs{px2 ` 1q – Spec C \ Spec C, so the
RES becomes

CH0pSpec C \ Spec Cq – Z ‘ Z
φ

Ñ Z Ñ CH0pS1
Cq Ñ 0
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where φ is the map px, yq ÞÑ x ` y, a surjection. Hence, CH0pS1
Cq “ coker φ – 0.

CH‚pS1
Cq –

$

&

%

0 ‚ “ 0

Z ‚ “ 1.

p8

L8

A2

S1
R

2p „ 0

1.4 Chow groups of affine plane minus a conic

Now, let’s try to compute the Chow groups of the affine plane A2 minus a plane
conic C.

Let U “ P2zC. First, since U is irreducible,

CH2pUq – Z ¨ rUs.

Also, we know that C – P1
C, so we know that CH0pCq, CH1pCq – Z, while the rest

are all 0. We have the localization sequence

CH1pCq
Z

ι˚
ÝÑ CH1pP2

q
Z

Ñ CH1pUq Ñ 0.
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The closed immersion ι : C Ñ P2 is of degree 2, so the proper pushforward ι˚ just
sends rCs to twice the hyperplane 2rHP2s, which is multiplication by 2. Hence the
sequence reads

Z
¨2
ÝÑ Z Ñ CH1

pUq Ñ 0

which implies that
CH1

pUq – Z{2.

Lastly,
CH0pCq

Z

¨1
ÝÑ CH0pP2

q
Z

Ñ CH0pUq Ñ 0

implies
CH0pUq “ 0.

Therefore,

CH‚pUq –

$

’

’

’

&

’

’

’

%

0 ‚ “ 0

Z{2 ‚ “ 1

Z ‚ “ 2.

The fact that CH1pUq is torsion can be seen geometrically. CH1pUq is generated
by the restriction of the hyperplane class rHs from P2. In P2, 2rHs is the class of
any conic, which is rationally equivalent to given conic C that we removed from
U. Therefore, 2rHs „ rC ∖ Cs “ 0 on U.

U “ P2 ´ C

2rHs “ rC ´ Cs “ 0
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2 Exercise II: Chow Groups of A Quotient Singularity

2.1 More properties of Chow groups

f : X Ñ Y is a locally-trivial Ar-bundle if Y is covered by open subsets U such
that f ´1pUq is isomorphic to U ˆ Ar over U.

Theorem 2.1 (Homotopy invariance of Chow groups). The pullback along a
locally trivial Ar-bundle f induces an isomorphism of Chow groups

f ˚ : CHipYq
–

ÝÑ CHi`rpXq.

If Y is furthermore smooth ( ùñ X is also smooth), then we can use upper-indexing
to make it easier to remember:

f ˚ : CHi
pYq

–
ÝÑ CHi

pXq.

Next, more results about Chow rings of affine and projective bundles.

Theorem 2.2 ([EH16] Theorem 9.6). Projective bundle formula. Let E be
a vector bundle of rank r ` 1 on a smooth projective scheme X, and let ζ “

c1 pOPE p1qq P CH1pPEq. Let π : PE Ñ X be the projection. The map π˚ :
CHpXq Ñ CHpPEq is an injection of rings, and via this map

CHpPEq – CHpXqrζs{

´

ζr`1
` c1pEqζr

` ¨ ¨ ¨ ` cr`1pEq

¯

In particular, the group homomorphism CHpXq‘r`1 Ñ CHpPEq given by pα0, . . . , αrq ÞÑ
ř

ζ iπ˚ pαiq is an isomorphism, so that
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CHpPEq –

r
à

i“0
ζ iCHpXq

as groups.

Let L be a line bundle over a smooth scheme X, viewed as the total space of an
invertible sheaf L with a projection L Ñ X with fibers A1. Let σ : X Ñ L be the
zero section of L. We can describe the Chow ring of L ´ zero section with the
first Chern class of L:

Proposition 2.3. Let L be a line bundle over a smooth scheme X. Then,

CH‚
pL ´ σpXqq – CH‚

pXq{ pc1pLqq .

Proof

Use excision. The inclusion of the zero section into L induces a proper
pushforward on Chow groups

CH‚´1
pLq Ñ CH‚

pLq

given multiplication by the first Chern class c1pLq. The localization sequence

CH‚´1
pLq Ñ CH‚

pLq Ñ CH‚
pL ´ σpXqq Ñ 0

then gives the isomorphism

CH‚
pL ´ σpXqq – CH‚

pXq{ pc1pLqq .

■

More generally, let E be a vector bundle of rank r on a smooth scheme X over
a field k. We can compute the Chow ring of the total space of E minus the

10



zero-section (isomorphic to X ):

Proposition 2.4 (Chow ring of an Ar ´ O-bundle).

CH‚
pE ´ Xq – CH‚

pXq{ pcrpEqq .

Proof

Use the self-intersection formula together with the localization sequence. ■

2.2 Rational surface singularity of type A2

The rational surface singularity of type A2 locally looks like the quotient of the
affine plane A2 by the cyclic group C3 “ t1, w, w2u, with the generator w acting as

w ¨ px, yq “ pζ3x, ζ´1
3 yq,

where ζ3 is the third root of unity.

Let X “ A2{C3 denote this geometric quotient. Since X is the quotient of an affine
scheme by an affine algebraic group, the following correspondence applies:

G-quotient of an affine scheme „
ÐÑ subring of G-invariants in the coordinate algebra

Let’s use this to compute the variety structure of X. We know that OXpXq is the
subring in krx, ys of C3-invariants. It suffices to find all monomials xayb such that

pζ3xq
a
pζ´1

3 yq
b

“ xayb.

This implies that
ζa´b

3 “ 1,

which means
a ” b mod 3.

Plotting this in the lattice Z ˆ Z, we find that these are generated by the monomials
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x3, xy, y3. Hence,

krx, ys
C3 – krx3, xy, y3

s – krα, β, γs{pβ3
´ αγq.

Hence, X is a surface in A3 which is singular at the origin.

2.3 Chow groups of A2-surface singularity

There are people who want to do intersection theory over such singular spaces,
and they ask us to compute its Chow groups. Namely, we are given the task to
compute

CH‚pXq, ‚ “ 0, 1, 2.

CH2

The easiest one. Since X is irreducible, the top Chow group is isomorphic to Z

generated by the fundamental class.
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CH0

The next easiest. Our strategy is to use localization to single out the singular point
O P X. The localization sequence for O reads

CH0pOq Ñ CH0pXq Ñ CH0ppA2
´ 0q{C3q

–0
Ñ 0

which implies that CH0pXq is generated by the class rOs. Now, it is easier if we
embed X as the singular surface Spec krα, β, γs{pβ3 ´ αγq Ď A3. There are closed
embeddings

0 ãÑ A1
– x - axis ãÑ X

and the proper pushforward of CH0pOq factors as

CH0pOq CH0pXq

CH0px - axisq
–0

yielding CH0pXq “ 0.
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O lying on x-axis within X.

CH1

The tricky case. CH1pXq coincides with the Picard group of X, which can be very
tricky to compute on singular varieties. We also understand that the origin of all
our troubles is the fixed point O – i.e. X is singular because the C3-action is not
free!

Luckily, we have a secret weapon up our sleeves:

Lemma 2.5. Let G be a group, E be a free G-set. Let X be any other G-set. Then,
the product E ˆ X with coordinate-wise action is a free G-set, even though the action
on X might not be free.

Definition 2.6. Let E be a free G-space and X be any G-space. The associated
fiber bundle is defined as

E ˆG X :“ pE ˆ Xq{G.
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It is a G-fiber bundle over the base B “ E{G with fibers isomorphic to X.

So, let’s find some space with a free C3-action and use it to give some extra room
for C3 to move around on A2. To be completely safe, let’s choose E “ AN ´ O
for some large N, and let X1 :“ E ˆC3 A2 “ pE ˆ A2q{C3. X1 is a A2-bundle
over the base B “ pAN ´ Oq{C3 with an C3-action on the fibers. The zero section
σ : B Ñ X1 sends a point b P B to the origin tbu ˆ tOu in the fiber tbu ˆ A2.

Since all actions are free now, we expect every quotient in the above construction
to be smooth. This justifies switching to a Chow-ring-style grading by codimension,
which is what we will do from now on. The reason will become clear when we
reveal the true nature of this construction.

We can form a localization sequence by removing the image of this zero section
from X1:

CH1
pBq Ñ CH1

pX1
q Ñ CH1

pX1 ∖ σpBqq Ñ 0.

To proceed, let’s do a term-by-term calculation.

CH‚pBq

Since the Gm-action on AN ´ O is free, and the C3-action is a subrepresentation,
we have the following "fiber sequence."

Gm{C3 Ñ pAN
´ Oq{C3 Ñ pAN

´ Oq{Gm.

The first and third terms of this sequence are familiar spaces: A1 ´ 0 – Gm{C3,
and pAN ´ Oq{Gm – PN´1. In equivalent terms, we have a fiber sequence

A1
´ 0 Ñ B π

ÝÑ PN´1,

realizing B as a line bundle over PN´1 minus the zero section. Which line bundle is
it?

Calculating OB over open sets shows that H0pB,OBq consists of all cubic forms
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over PN´1, so we see that B is the total space of Op3q minus the zero section. Is
there a slicker argument?

By Chow ring of line bundle minus the zero section (Proposition 2.3), the Chow
ring of B is given by

CH‚
pBq – CH‚

pPN´1
q{c1pOp3qq – Zrηs{p3η, ηN

q

where η is the class of a hyperplane in PN´1.

CH3pBq
φ

Ñ CH1pX1q

Since X1 is an A2-bundle over B with action of Gm of bidegree p1, ´1q on the
fibers, the map φ is multiplication by the second Chern class c2pOp1q ‘ Op´1qq “

η ¨ p´ηq “ ´η2. This induces an isomorphism for the third term

CH1
pX1 ∖ σpBqq – CH3

pBq – Z{3.

But what is this third term?

CH1pX1 ∖ σpBqq

X1 ∖ σpBq “
`

pAN ´ Oq ˆ pA2 ´ Oq
˘

{C3 – there are some complicated excisions.
We need to use the following property of Chow groups:

Lemma 2.7 (Key lemma for well-definition of classifying spaces). Let V1, V2

be two G-representations, with S1 Ď V1, S2 Ď V2 closed locus of codimension
greater than i, such that the G-actions on V1 ∖ S2 and V2 ∖ S2 are free. Then,

CHi
ppV1 ∖ S1q{Gq – CHi

ppV2 ∖ S2q{Gq

Proof

We have two bundles

V2 Ñ ppV1 ´ S1q ˆ V2q {G Ñ pV1 ´ S1q {G
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and

V1 Ñ pV1 ˆ pV2 ´ S2qq {G Ñ pV2 ´ S2q {G.

Remark [Tot24] In fact, these are both vector bundles for the flat topology;
but, by Hilbert’s Theorem 90 or Grothendieck’s theory of faithfully flat
descent, vector bundles in the flat topology are the same as the usual notion
of vector bundles in the Zariski topology.

By homotopy invariance of Chow groups (Theorem 2.1), it suffices to check
that pV1 ´ S1q ˆ V2{G has the same Chow groups as V1 ˆ pV2 ´ S2q {G. Since
we assumed that codim S1, codim S2 ą i, the localization sequences produce
isomorphisms

CHi
pppV1 ´ S1q ˆ V2q {Gq – CHi

pppV1 ´ S1q ˆ pV2 ´ S2qq {Gq

– CHi
ppV1 ˆ pV2 ´ S2qq {Gq

as desired.

■

By the above lemma, CH1pX1 ∖ σpBqq – CH1ppA2 ´ Oq{C3q, so

CH1
ppA2

´ Oq{C3q – Z{3.

One final localization sequence removing O from X “ A2{C3 gives us

CH1
pOq

“ 0
Ñ CH1

pXq Ñ CH1
´

pA2
´ Oq{C3

¯

Ñ 0

whence we may finally conclude that CH1pXq “ Z{3.
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CH‚pXq “

$

’

’

’

&

’

’

’

%

0 ‚ “ 0

Z{3 ‚ “ 1

Z ‚ “ 2.
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3 Exercise III: Chow Groups of Classifying Spaces
and Equivariant Intersection Theory

Summarizing what just happened: we took a G-representation V which became
free after removing a closed set S of sufficiently high codimension. Then, we
formed the associated bundle pV ´ Sq ˆG X whose Chow groups are governed by
the base B “ pV ´ Sq{G. We can package this information into a more compact
theory: the scheme B is what lies behind classifying spaces, and the Chow groups
we computed are the essence of equivariant Chow groups. These computations and
associated investigations are what’s called equivariant intersection theory.

3.1 Classifying spaces for algebraic geometers

Classifying spaces in algebraic geometry and Chow rings thereof were first intro-
duced by Burt Totaro in [Tot98].

Definition 3.1. Let X be a scheme with an action by an affine group scheme
G over a field k. Let i be an integer. Let Vi be a representation of G such that
G acts freely on a closed subset Si Ă Vi with codimpSi Ă Viq ą dimpXq ´ i.
Any such Vi is called an approximation space of degree i.

Definition 3.2. Let tpSi Ă Viqu be a collection of approximation spaces for
the affine group scheme G, one in each degree i. A universal bundle EG is
the collection of schemes

EG “ tV0 ´ S0, V1 ´ S1, V2 ´ S2, . . . u.

Let Bi “
Vi´Si

G . A classifying space for G, denoted BG, is the collection of
schemes

BG “ tB0, B1, B2, . . . u.
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The Chow groups of a classifying space BG is defined as

CHi
pBGq :“ CHi

pBiq “ CHi
ppVi ´ Siq{Gq.

By the key lemma 2.7, the Chow groups CH‚pBGq are well-defined regardless of
the choice of approximation spaces Vi. We say that EG and BG are well-defined up
to homotopy.

Example 3.3. ([Tot24] 2.2.2) Consider the multiplicative group Gm over
a field k. Gm has an obvious faithful representation W of dimension 1,
namely Gm

–
ÝÑ GLp1q. Taking the direct sum of N ` 1 copies of W gives a

representation on which Gm acts freely outside the origin by

t ¨ px0, . . . , xnq “ ptx0, . . . , txnq .

Therefore, for 0 ď i ď N, we may take W‘pN`1q to be an approximation
space for BGm and compute:

CHi
pBGmq – CHi

´´

AN`1
´ 0

¯

{Gm

¯

– CHi
pPN

q

– Z.

Moreover, the Chow ring of BGm is defined to agree with the Chow ring of
PN in degrees at most N, and so we have

CH‚BGm – Zrηs

where the "hyperplane class" |η| “ 1 (meaning that η P CH1pBGmq ).

Example 3.4. From the previous section, we have seen that over k “ C,

CH‚
pBC3q – Zrηs{p3ηq, |η| “ 1.
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Similarly, for p prime, we have

CH‚
pBCpq – Zrηs{ppηq, |η| “ 1.

Example 3.5. ([Tot24] 2.2.4) The Chow ring of BGLn over any field k is the
polynomial ring

CH˚
pBGLnq “ Z rc1, . . . , cns

with |ci| “ i. These generators are called universal Chern classes.

3.2 Equivariant Chow groups

Definition 3.6. Let X be a scheme with an action by an affine group scheme
G over a field k. Let i be an integer. Let pSi Ă Viq be approximation spaces
for G. The Borel construction/homotopy quotient, denoted EG ˆG X or
resp. X{{G, is the collection of schemes

ppV0 ´ S0q ˆ Xq {G, ppV1 ´ S1q ˆ Xq {G, ppV2 ´ S2q ˆ Xq {G, . . .

Definition 3.7. Let X, G, Vi as above. We define the i th equivariant Chow
group by

CHG
i pXq “ CHi`dimpViq´dimpGqpppVi ´ Siq ˆ Xq{Gq

By the key lemma 2.7, these groups are independent of the choice S Ă V. Since
CH‚

G is defined as the Chow ring of certain smooth schemes, usual properties like
proper pushforward, smooth pullback, excision, etc. hold for CH‚

G too.
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Definition 3.8. If in addition X is smooth, then we use the codimension
grading and define CHi

GpXq “ CHG
dimpXq´ipXq, and CH‚

GpXq is a commuta-
tive graded ring. The above definition becomes easier to remember if we use
the grading by codimension:

CHi
GpXq “ CHi

pppVi ´ Siq ˆ Xq{Gq.

Example 3.9. Equivariant Chow groups of a point. We have

CH‚
GpSpec kq “ CH‚

pBGq.

If X is a smooth k-scheme with a G-action, then the smooth pullback along
the structural map X Ñ Spec k induces a ring homomorphism

CH‚
GpSpec kq Ñ CH‚

GpXq

making CH‚
GpXq a CH‚pBGq-module.

Example 3.10. If X is smooth and G acts freely on X, then

CH‚
GpXq – CH‚

pX{Gq.

To proof this, use homotopy invariance of Chow groups.

3.3 Chow groups of the affine line with two origins

Let Gm act on the affine plane A2 over k by

t ¨ px, yq “

´

tx, t´1y
¯

.

This action is free outside of the origin O, so we can use equivariant Chow groups
to calculate the Chow ring of the quotient pA2 ´ Oq{Gm. To do this, we use the
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localization sequence:

CH‚
Gm

pptq Ñ CH‚
Gm

pA2
q Ñ CH‚

Gm
pA2

´ Oq Ñ 0.

We have seen that
CH‚

Gm
pptq “ CH‚

pBGmq – Zrus,

where |u| “ 1 is the hyperplane class of PN for N sufficiently large, i.e u “ c1Op1q.
Also, notice that

CH‚
Gm

pA2
q :“ CH‚

pA2
ˆGm EGmq

is the associated fiber bundle to the universal bundle EGm Ñ BGm with fiber A2,
so it is a rank 2 vector bundle over the base BGm. By homotopy invariance, we have

CH‚
pA2

ˆGm EGmq – CH‚`2
pBGmq.

Then, the third term CH‚
Gm

pA2 ´ 0q can be viewed as the Chow group of the
bundle A2 ˆGm EGm minus the zero section. The map CH‚pBGmq Ñ CH‚pA2 ˆGm

EGmq is multiplication by the second Chern class, and one can prove using the
localization sequence and the self-intersection formula that

CH‚
pA2

ˆGm EGm ´ zero section q – CH‚
pBGmq{c2pA2

ˆGm EGmq.

To compute c2, we notice that the action t ¨ px, yq “ pt1x, t´1yq corresponds to a
direct sum of 1-dimensional faithful representations Op1q ‘ Op´1q, so it has total
Chern class

cpOp1q ‘ Op´1qq “ p1 ` uqp1 ´ uq “ 1 ´ u2,

from which we read off
c2 “ ´u2.
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Hence,

CH‚
p
A2 ´ O

Gm
q – Zrus{p´u2

q –

$

’

’

’

&

’

’

’

%

Z ‚ “ 0

Z ‚ “ 1

0 ‚ “ 2.

Okay, but what is this space really? To compute the geometric quotient pA2 ´

Oq{Gm, we cover A2 ´ O with open sets Ux :“ Dpxq “ Spec krx˘1, ys and Uy :“
Dpyq “ Spec krx, y˘1s. On Ux, the Gm-invariants krx˘1, ysGm are rational functions
in the form f px,yq

yr wuch that

f ptx, t´1yq

t´ryr “
f px, yq

yr .

This means that each monomial xayb in f must have its exponents satisfying
b ´ a “ r, which means that f px, yq{yr is really a polynomial in x{y! Thus, we have

Ux{Gm “ Spec krx{ys – A1.

Similarly, one checks that

Uy{Gm “ Spec krx{ys – A1,

with transition function given by the identity x{y ÞÑ x{y. Hence, pA2 ´ Oq{Gm is
just the affine line with two origins.

Geometrically, there are 4 kinds of orbits: non-degenerate hyperbola, the x, y-axes,
and the origin. So fix any slanted line through the origin. In the quotient, exactly
one hyperbola lies over each point away from the origin, but the two axes both lie
over the origin, so we get the double point there.
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Oops, we have just calculated the Chow ring of non-separated scheme. Also, it
appears to have the same Chow ring as the other way of gluing two A1’s, namely
P1 – pA2 ´ Oq{Gm where the action is the standard one with bidegree p1, 1q. Let
that sink in for a minute.

A1 ´ O A1 A1 ´ O A1

A1 A1 with two origins A1 P1

Remark 3.11. [Tot24] Edidin and Graham show that the usual definition of Chow
groups actually works, with the usual properties, for all algebraic spaces of finite
type over a field ([EG97] §6.1). This includes all schemes of finite type over a field,
separated or not.

3.4 Classifying spaces in motivic homotopy theory

Our current definitions of EG and BG feels clumsy, because these infinite collec-
tions aren’t really spaces. In homotopy theory (i.e. over R or C), BG is defined
to be an infinite colimit of CW-complexes which is well-defined up to homotopy.
Under the algebraic setting, even if we often get nested spaces

BG “ tB0 Ď B1 Ď B2 Ď ¨ ¨ ¨ u

from the approximation spaces, the problem is that there isn’t a single infinite-
dimensional scheme that is the colimit of this chain of inclusions – the category of
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smooth k-schemes Smk doesn’t have enough colimits. This is the same reason why
we cannot take arbitrary quotients of schemes.

One solution to this problem is to bump up Smk to a category of presheaves
over it. We can’t always glue schemes together, but we can always glue presheaves.
For homotopical reasons, we consider presheaves valued in simplicial sets. For
geometric reasons, we ask our presheaves to satisfy Nisnevich descent. We use
PShpSmkq to denote the category of simplicial presheaves over Smk and use
ShvNispSmkq to denote the full subcategory of Nisnevich sheaves. By localization in
category theory, this is equivalent to the data LNis PShpSmkq where LNis is the left
adjoint to the inclusion ShvNispSmkq Ă PShpSmkq called Nisnevich localization.

Also, we observe that Chow groups, like many other algebraic invariants, are
homotopy invariant (invariant w.r.t. A1-bundles). So we would like to take the
full subcategory PShA1pSmkq Ă PShpSmkq of A1-invariant simplicial presheaves.
This is again equivalent to the left adjoint functor LA1 called A1-localization.

Combining these together, we construct the following category where it makes
sense to talk about homotopy theory of schemes:

Definition 3.12. The category of motivic spaces, denoted Spck, is the full
subcategory in PShpSmkq of A1-invariant Nisnevich sheaves

Spck :“ LA1 LNis PShpSmkq

Now, the classifying spaces EG, BG naturally live inside of Spck as motivic spaces
over k. Furthermore, we can make sense of the fact that the Chow ring of the
affine line with two origins (let’s denote it by ˜) agrees with the Chow ring of P1:

Recall that we have two cartesian diagrams

A1 ´ O A1 A1 ´ O A1

A1 ˜ A1 P1
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in the category of k-schemes. These schemes naturally sit inside Spck via the
Yoneda embedding, but we have inverted the A1’s in Spck, so they become
contractible (i.e. homotopy equivalent to a point!) So we see that these two
diagrams are equivalent to

Gm ˚ Gm ˚

˚ ˜ ˚ P1

{ {

which are both by definition the suspension of Gm, denoted ΣGm. Thus, homotopy
equivalent motivic spaces have isomorphic Chow groups.

For more on motivic homotopy theory, have a look at this very nice set of notes
by Thomas Brazelton [Bra24] and also the original paper by Fabien Morel and
Vladimir Voevodsky [MV99].

This setup allows us to talk about classifying spaces for groups over arbitrary
fields, and we can try relating these groups to cohomology. Recall that there is
a cycle class map from ordinary Chow groups to cohomology, that is in general
neither injective nor surjective. A similar story happens for Chow groups of BG.

Example 3.13. For G “ pZ{pqn an elementary abelian group, the integral
Chow ring is

CH‚BpZ{pq
n

“ Z ry1, . . . , yns { ppy1, . . . , pynq .

The mod-p Chow ring is then

CH‚
pBpZ{pq

n
q {p “ Fp ry1, . . . , yns , |yi| “ 1,

where as the group cohomology with Fp coefficients is

H‚
pBpZ{pq

n;Fpq “ Fp xx1, . . . , xn, y1, . . . , yny , |xi| “ 1, |yi| “ 2.
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Heuristically, the cycle class map only hits the algebraic part generated by
the yi (notice also the doubling in degrees.)

There are even examples where CH‚BG is not finitely generated (cf. [Tot24] §4 for
many interesting calculations; cf. also the original paper [Tot98] and the fabulour
book [Tot14]).

Luckily, we still have some control over the degree of the generators:

Proposition 3.14 ([Tot24] Theorem 4.1.1). For an affine group scheme G over a
field k with a faithful representation V of dimension n, the ring CH‚BG is generated
by elements of degree at most npn ´ 1q{2 if n ě 3, or of degree at most n if n ď 2.

3.5 Chow ring of a quotient stack

The Chow groups of a quotient stack rX{Gs are defined to be the equivariant
Chow groups of X:

CH‚rX{Gs :“ CHG
‚ pXq.

Example 3.15. r˚{Gs is represented by BG, and

CH‚r˚{Gs “ CHG
‚ p˚q “ CH‚pBGq.

28



References
[Bra24] T. Brazel. A Motivic Crash Course. Accessed: 2025-01-20. Personal

Website. 2024. url: https://tbrazel.github.io/notes/spt.pdf
(visited on 01/20/2025).

[EG97] Dan Edidin and William Graham. “Equivariant intersection theory”. In:
(1997). arXiv: alg-geom/9609018 [alg-geom]. url:
https://arxiv.org/abs/alg-geom/9609018.

[EH16] Eisenbud and Harris.
3264 and All That: A Second Course in Algebraic Geometry.
Cambridge University Press, 2016.

[Ful84] W. Fulton. Intersection Theory. Ergebnisse der Mathematik und ihrer
Grenzgebiete : a series of modern surveys in mathematics. Folge 3.
Springer-Verlag, 1984. isbn: 9783540121763. url:
https://books.google.com/books?id=cmoPAQAAMAAJ.

[MV99] Fabien Morel and Vladimir Voevodsky. “A1-homotopy Theory of
Schemes”. In: Publications mathématiques de l’I.H.É.S. 90 (1999),
pp. 45–143. url:
http://www.numdam.org/item/PMIHES_1999__90__45_0.pdf.

[Tot14] Burt Totaro. Group Cohomology and Algebraic Cycles. Cambridge
Tracts in Mathematics. Cambridge University Press, 2014.

[Tot24] Burt Totaro.
Classifying spaces in motivic homotopy theory (4 lectures). Accessed:
2025-01-20. Park City Math Institute 2024. 2024. url:
https://www.ias.edu/sites/default/files/pcmi5%20Totaro.pdf
(visited on 01/20/2025).

[Tot98] Burt Totaro. “The Chow ring of a classifying space”. In: (1998). arXiv:
math/9802097 [math.AG]. url: https://arxiv.org/abs/math/9802097.

29

https://tbrazel.github.io/notes/spt.pdf
https://arxiv.org/abs/alg-geom/9609018
https://arxiv.org/abs/alg-geom/9609018
https://books.google.com/books?id=cmoPAQAAMAAJ
http://www.numdam.org/item/PMIHES_1999__90__45_0.pdf
https://www.ias.edu/sites/default/files/pcmi5%20Totaro.pdf
https://arxiv.org/abs/math/9802097
https://arxiv.org/abs/math/9802097

	Exercise I: Chow Groups of the Circle
	Why Chow groups?
	Useful properties of Chow groups
	Chow groups of the circle
	Chow groups of affine plane minus a conic

	Exercise II: Chow Groups of A Quotient Singularity 
	More properties of Chow groups
	Rational surface singularity of type A2
	Chow groups of A2-surface singularity

	Exercise III: Chow Groups of Classifying Spaces and Equivariant Intersection Theory
	Classifying spaces for algebraic geometers
	Equivariant Chow groups
	Chow groups of the affine line with two origins
	Classifying spaces in motivic homotopy theory
	Chow ring of a quotient stack


