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MAIN RESULT

Theorem

There are isomorphisms

112

Z[xl,xz, 5o ,xn]

KO(Xnk) gI_I.(Xnk) k ok

' ' (x7,x5, ..

O x§7 en—k—l—lu en—k+27 ..

'7en)'
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SPANNING LINE CONFIGURATIONS

A line configuration of length n in CF is an n-tuple
le = (£1,00,. .., L) € (CK)" where each ¢; is a 1-dimensional
linear subspace (a line) in ck.

X11 X120 Xip

X21 X220 - Xop . _
by ~ my=| | . ) ~  point of (PF~1)"

Xkl Xn2 o Xgn

A spanning line configuration is a line configuration whose
columns span Ck:

li+l+- - +0,=C ~ myfull rank.



SPANNING LINE CONFIGURATIONS

The space of spanning line configurations is
Xppi={le [ 1+ + £, =C"}.

The space X, is an open set of (P¥~1)" and a smooth
quasiprojective variety.

Created using vZome [Vor]



GENERALIZED COINVARIANT ALGEBRA

A complete flag in C" is a chain of nested subspaces
0=EyCEy CEy;C--- CE,;=C" The variety of complete
flags is denoted FI,,(C).

Borel presentation.

ZIx1,. ., Xy

H* (FL.(C)) = (e1,...,en)

Fix k < n. The generalized coinvariant algebra is

Z ...
Rmk — [xla )xn]

k

(X, Xk ey ks en)



COHOMOLOGY

[PR19, Theorem 5.12]

There is an isomorphism

H* (X, k) = Ry g

Special case

k = n. X, » is homotopy equivalent to Fl,, and R, is the
classical coinvariant algebra.

Importance

R, x comes up in symmetric function theory and orbit
harmonics [HRS18] [OR22].
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CELL DECOMPOSITION

The variety X,  is cellular:

Xuo= | ] Co
weFubini(n,k)

Each Pawlowski-Rhoades cell C,, is isomorphic to CV(®@),

Closure relations Cy, = Up<w Co-



CELL DECOMPOSITION

The variety X,  is cellular:

Xuo= | ] Co
weFubini(n,k)

Each Pawlowski-Rhoades cell C,, is isomorphic to CV(®@),
Closure relations Cy, = Uvgw Cp.

0001O0O0T1
Cozznzn = U - 1 « ~ 0 1 % % *xeCp.
011001 «
u:

lower triangular matrices with 1’s on diagonal




FUBINI WORDS

A word of length n with alphabet [k] is an element of
Words(n, k) := [k]".

A Fubini word is a word in which every letter appears.

Fubini(n,k) ~» surjective functions [n] — [k|
~»  ordered set partitions of [n] with k parts.

2331231~ {4715 |236}.
12345



FUBINI WORDS

Variety X, i
PR cells

Cell containment

Cohomology classes

Set Fubini(n, k)
Fubini words

Fubini-Bruhat order
(medium roast) [BS24]

Schubert polynomials of words
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COHOMOLOGY: PROOF

Xuo=(P1)' - U G

weWords(n,k) —Fubini(n,k)

Localization Theorem [PR19, Theorem 4.5]

- X: smooth complex cellular algebraic variety.
-Z= Uje] Cj € X : union of cell closures.
- Ideal I(Z) := ([C]] | j € ]).

Then,
H*(X - Z) = H*(X)/I(Z).



COHOMOLOGY: PROOF

Xn,k = (]P)kil>n - U Ew

we Words(n,k) —Fubini(n,k)

. H* Pk_l n
— H'(Xux) = —= (E)
I(Cy | w not Fubini )

Zlxy,. . oxn] /(X5 2k
(S35 6y o+ S i)
_ Zxy, .- ] /(L)

B (en—k+1> en—k+27 cee 7eﬂ)
Z[x1,x2, ..., Xy

(Fulton’s degeneracy loci formula) [Ful91] =

k +k ’
(xla Xgy e 7xlr<zv Cn—k+15Cn—k+2s - - - 7611)



A TALE OF TWO GROTHENDIECKS



THE GROTHENDIECK GROUP

The Grothendieck group Ko(X) of a variety X is the abelian group

Z - Iso VBy
B =[A]+[C]if0>A—-B—=C—0

It ‘retains more information than cohomology’ in the sense that
the associated graded of Kj surjects onto Chow groups.

gr., Ko(X) = CH*(X).



RING STRUCTURE

If X is smooth, then direct sums @ and tensor products ® of
bundles make Ko(X) a commutative ring.



RING STRUCTURE

If X is smooth, then direct sums @ and tensor products ® of
bundles make Ky(X) a commutative ring.
Examples

- Ko(P1) 2 Z[x)/(x¥).

- Ko((PE"1)") 2 Z[xq, ..., xa) /(2 ..o, xR).

- [Len05, p. 121]

Zlx1, ..., xy]

Ko(Flu) = (e1,...,en)



GROTHENDIECK POLYNOMIALS

Isobaric divided difference operator

(1 —xip1) f(x) = (1 —xi) sif (x)

Xi — Xit1

mif (x) =
The Grothendieck polynomial [Las90] of a permutation w € S, is

& — x’f‘lxg_z---xn_l if w = wy
T B (%) if w(i) < w(i+1).

Facts

- Lowest degree component of &, is G,,.
- &, represents the Schubert class [X,,] in Ko(Fl,).



DOUBLE GROTHENDIECK POLYNOMIALS

B-Demazure operator

(14 Bxipa) f = (1 + Bxi) siff)

=

Xi — Xi41

The Double Grothendieck polynomial [FL94] of a permutation
wE Sy is

B, (x| b) = Hi+j§n (xi + bj + Bxibj)  if w = wp
w Wi@w(i ’ B) lfw(z) < w(z + 1)

Fact

Double Grothendieck polynomials are closely related to
bumpless pipedreams [Wei21].



DEGENERACY LOCI FORMULA FOR Kj

Fulton-Lascoux Degeneracy Loci Formula for K
[FL94, Theorem 4]

Classes of degeneracy loci in K are given by double
Grothendieck polynomials in K-theoretic first Chern classes.
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TOWARDS Ky OF X,

Xk = (Pk—l)" - U G

weWords(n,k) —Fubini(n,k)

A Localization Theorem for K, [Z.]

- X: smooth complex cellular algebraic variety, number of
cells finite.

-Z= Uje] Cj € X : union of cell closures.
- Ideal I(Z) := ([OQ] lje]).

Then,
Ko(X - Z) = Ko(X)/1(2).



TOWARDS Ky OF X, x

Xk = (Pk*1>” _ U Co

weWords(n,k) —Fubini(n,k)

Ko((P*1)")
I(Cy | w not Fubini )

Zixy,. .. x)/ (2K, xk)

= Ko(Xpx) =

(F& L degeneracy loci formula) [FL94] =

(623--”1’ R 61..2..711" T 61‘.I€..nk)



Ko-ELEMENTARY SYMMETRICS

K-class of Grassmannian permutations [Len00, Theorem
2.2]

wi:=12...i...n(n+1)i € S, Grassmannian with shape of
vertical column.
By, = np1—i — Snta—itniz—i + - + (—1) T gnen
=enpi—it D, (1) g

n+1—i<j<n

=e,_j+1 + highere’s.

(B, By By ) = (ey—k 1+ higher e, o+ higher ;... e,).



Ko OF X, x: PROOF

Cn—k+1]|Cn—k+2 | Cn—k+3 e en Cn—k+1
Cn—k+2 [€n—k+3| T €n Cn—k+2
Cn—k+3 [ * " en Ch—k+3
én €n

s (B, By, By ) = (6y—k 1 + higher e, (> + higher ... e,)

= (p—kt1s€n—kt2s---»Cn)-



MAIN THEOREM

Theorem [Z.]

The Ky ring of the variety X, ; is isomorphic to the generalized
coinvariant algebra R, ;. O
Note

We can write down an explicit isomorphism

KO(Xn,k) =
Zly1,- - -, Yn) = Zlx1, ..., %]
(y’{, e YR e ki1 n) (x’{, e XK ey ki1, en)
gI_I.(Xn,k)

givenby y; =1 —1/x;.
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