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THE FLAG VARIETY

- 𝔽 = algebraically closed field of characteristic zero.
- Complete flag

E• : 0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = 𝔽n.

- Flag variety

Fln := Gln/B ∼= parameter space of complete flags.

Go team Schubert!



THE FLAG VARIETY: COHOMOLOGY

Theorem [Bor53]

Borel presentation.

H•(Fln;ℤ) ∼= CH•(Fln). . . . . . . . . . .
∼=

ℤ[x1, x2, . . . , xn]

(e1, e2, . . . , en)
.

- Affine stratification by
Schubert varieties Xw for
w ∈ Sn.

- Schubert polynomial
Sw = [Xw].

- Poset of cells = Bruhat
order.

Bruhat order for S4 [BGPng].



THE FLAG VARIETY: GROTHENDIECK GROUP

Theorem [AH61]

K0(Fln) ∼=
ℤ[x1, x2, . . . , xn]

(e1, e2, . . . , en)
.

- (K0(X),⊕,⊗) – ring of (honest & virtual) vector bundles
over X.

- K0(Fln) ∼= CH•(Fln) ∼= H•(Fln).

- Grothendieck polynomial Gw = [OXw ].



THE FLAG VARIETY: COMBINATORICS

Motivating example:

Schubert classes in Gr(k,n)⇝ Schur symmetric polynomials sλ.

sλ =
∑

T∈SSYT(λ)

xT.

s = x2
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THE FLAG VARIETY: COMBINATORICS

What are Schubert & Grothendieck polynomials counting?

Reduced pipe dreams for w = 2143 [BGPng]

Bumpless pipe dreams for w = 2143 [BGPng]



SPANNING LINE CONFIGURATIONS

- 𝔽 = algebraically closed field of characteristic zero.

- Spanning line configuration

ℓ• = (ℓ1, . . . , ℓn) | ℓi line in 𝔽k, span ℓ• = 𝔽k.

- The variety of spanning line configurations

Xn,k := Mat◦full rank /T
∼= parameter space of spanning line configurations.



SPANNING LINES: H•,CH•,K0

Theorem [PR19]

Borel-style presentation.

H•(Xn,k) ∼=
ℤ[x1, . . . , xn]

(xk
1, . . . , xk

n, en−k+1, . . . , en)
.

Theorem (Z. ’25)

K0(Xn,k) ∼= CH•(Xn,k) ∼=
ℤ[x1, . . . , xn]

(xk
1, . . . , xk

n, en−k+1, . . . , en)
.



SPANNING LINES: COMBINATORICS

- Affine stratification by Fubini words w : [n]↠ [k].

235125 ∈ Words(5, 3) non-Fubini | 235145 is Fubini

- Schubert & Grothendieck polynomials for words.

- Bumpless pipedreams?
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