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Background: The Flag Variety

Consider the action &, N Z[x, ..., x,].

-

The coinvariant algebra is

Zx(y...,x,] - Lxy, ..,

R = —— = .
Hilbert ideal of & ,-invariants (e, ...,e,)

n

The flag variety parametrizes complete flags E, : 0 = £, C --- C E = [".
Fl, = GL, /B

Cell decomposition with Schubert cells C,, w € & . Schubertvarieties X, := C,,,



Cohomologies of the Flag Variety

Z - 1so VBy
(& =[]+ [&"ifE - & — &"isSES

The Grothendieck group Ky(X) :=

algebraic cycles

The Chow ring CH'(X) := . . .
rational equivalence

Theorem (Borel Presentation [Bors3], [Dem73])

There are isomorphisms

Ky Fl) = CH(Fl) = H'(F[(C);Z) = R,.




W O1 = = N

Classical and Bumpless Pipe Dreams
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W O1 = = DN

1. 2 54 5

i 2 0 4. 5

W U1 = = N

1 2 5 4 O

W O1 = = DN

W U1 = = N

1 2 9 4 5

1 2. 9 4 5

W U1 = = N

P 2 5 4 5

W O1 = = DN

W Q1 = = DN

I 2 9 4 5

L 72 5 4 5

W U1 = = N
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A Table of Generalizations

Generalized coinvariant 5 ._ Zxys .. s X,)]
nk *—
algebra (xica ...,X,]/f, Cr—k+1s -+ en)

Coinvariant algebra

The variety of spanning

Flag variet . .
8 4 line configurations

Xn,k .= {(fl’ ’flfl) ‘ fl + e +fn — [I:k}

Fubini words, aka

Permutations .
ordered set partitions

Surjective functions [n] > [k]

Pipe dreams Pipe dreams of a word Truncated & decorated PD




The Variety of Spanning Line Configurations

The generalized coinvariant algebra [HRS18] is
x5 ..., X, ]

(XK, oo XK e, iy -ees€p)

Rk::

n,

The variety of spanning line configurations [PR19] X, , parametrizes

=4, ....1¢)) € P=H ¢ +..+¢ =F.

Cell decomposition with Fubini words — surjective functions [n] > [£]

w=21231 < {25]134)



Cohomologies of Spanning Line Configurations

———

Theorem [PR19]

There is an isomorphism

H'(X, (C);Z) = R,,.

Theorem (Z. 2025+)

There are isomorphisms

KO(Xn,k) -~ CH‘(Xn,k) -~ H‘(Xn,k(C);Z) -~ Rn’k.
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Open Problems

Question

What are some necessary conditions on X that would imply Ky(X) & CH*(X)?

I —— ———— - = N —————— S =

Question

——— - = —— -

R

Larson-Li-Payne-Proudfoot [Lar+24] proved that Ky(X) = CH*(X) canonically when
X is a wonderful variety, in the sense of [CPg5].

s X,, , related to a wonderful compactification?
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