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Another approach to the circles of Apollonius, via the notion of theta-characteristics,
is given in Harris [1982]. There is also an analogous notion of a sphere in P3; see for
example Exercise|13.32
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Jther gunusing agpliarons

THEOREM (3.3). Let C,, C, C P? be plane conics meeting transversely, L,,... L,
their four common tangent lines. Then the eight points { p; = L, N C,} of tangency lie
on a conic.
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THEOREM (3.4) (cf. [10)). If C C P? is an irreducible quartic with 3 nodes, then the
eight points of contact of C with its four bitangent lines all lie on a conic.

WM% coune Trlmn Zwe (3 ~eefedd clner)

THEOREM (3.5) (cf. [10}). An irreducible quartic with a triple point has four bitangent
lines, whose eight points of contact lie on a conic.
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THEOREM (3.8). If C is a plane quartic with an ordinary node and a cusp, C has
exactly 4 bitangents; and their 8 points of contact do not lie on a conic.

singularities g =g(C) k=r1kl}, I q(C) #S #S
smooth 3 0 0 O 64 28
one node 2 1 0| - 32 16
one cusp 2 0 0 1 16 10
two nodes 1 2 #0| - 16 8
tacnode 1 1 0 8 6
one node; one cusp 1 1 0| - 8 4
two cusps 1 0 0l O 4 1
ramphoid cusp 1 0 0 1 4 3
three nodes 0 3 #0 | - 8 4
one node; one tacnode 0 2 # 0 - 4 2
one oscnode 0 1 #0 - 2 1
two nodes; one cusp 0 2 0| - 4 2
one tacnode; one cusp 0 1 0 0 2 0
one node; two cusps 0 1 # 0 - 2 1
one node, one ramphoid cusp 0 1 #0 | - 2 1
three cusps 0 0 0 1 1 1
one cusp, one ramphoid cusp 0 0 0| O 1 0
one hyper-ramphoid cusp 0 0 0 O 1 0
one ordinary triple point 0 2 0 1 4 4
one triple point, two branches 0 1 0 1 2 2
one unibranch triple point 0 0 0 1 1 1
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[Far L2

Theorem 0.1. The birational type of the moduli spaces 3; and S, of even and odd spin curves
of genus g can be summarized as follows:

St

g-

g > 8 | general type
g = 8 | Calabi-Yau
g < 7 | unirational

Sg_:

g > 12 | general type
g <8 unirational
9<g<11 uniruled
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