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What is a circle

affine equation x aptly b r

homogeneouseq X azftly.bz rz

passes through circular points

of 1 0 0 1 2 0 P

Ztf ft ideal z x4y
and degf 2



Parameterspacefcircles

Passing through of 0 2 mar conditions
on Ho Ops 2 P5

so parameterspaceofcircles p 1ps

Any 2 circles meet at Ot 0 and 2 otherpoints
P q

p

q
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Def Fix a circle Dee

let Zp CEC circle I c tangent to D

Proper ZD l p is a quadrichypersurface

Heuristicargument an R C

2 degrees

of freedom



Circlestangenttoagivencircle

I.com ider the incidencecorrespondence

I p c e D É I C tangentto Datp

p ps
In thecase p o Mp 23

i Ip C make p
2 Linearconds

I is a IP bundle over p irreducible
Tomum Sidharth Topologically this is Blip in Gp 2

T2 I 1p3 birational Z p tie I is 2 dimensional



Circlestangenttoagivencirclepfcalculat.ee
deg ZD

deg ZD Zn n general line in 1p

circles tha generalpencil try to D

Takegeneralpermit Cicz where C Zff Cr Zig
C

p Cr

Qq 82

rationalfunction f g 1 has 2 zeros pig and 2poles pr.gr

Double cover D IP branchedalong 2points R H
deg2

deg ZD



CirclesofApollonI
BytheargumentfromSteiner'sComics ZD ZD transverse

for general D D ee

circles tangent to 3 given ones

Zb n Zn 2 7703
2 2 2 8

0,112,34 5.6 8



Monodomyopoloniancircles

Triplesofcircles 8 tangentcircles

18 1

Triples ofcircles HilbrX hard
when r 3

Problems This seems hard
drmX 3



Asingularsextic

of Singulardegree 6plane curve

triplenodes at OI

ordinarynodes at 6points

o blowup at

L
C 6 modal curve of genus 6111 6 4



Thecanonicalsexticin.pl

In fact C is a canonical genus 4 curve in P3

BLP

ae.tn dte

blow
down

new

o

1P



Thecanonicalsexticin.pl

Claim Thehyperplanesectionsof are transforms ofcircles

lookfamiliar Blap

blowup indeterminancy
planesection locus

ftp.kie.to

Igy

oddthetas tritangents



Thecanonicalsextrumps

Now what's C H

C is the complete nonf a p xp

with a completely reducible cubic

which is a canonical genus 4

Canonical Kc is the hyperplane



CorclesofApollomin Ocharacteristics

Recall A Theta characteristic on C is a linebundlem L

ps
t C W

need to makesenseof all of this

Problem C is singular

Asemicanonical divisor on C is D SC 27 KC

Consider effective semicanonical divisors on C

g
Ancizpts 2 brake o

A circle

of
doublepoints

Cz Apollonius



CorclesofApollomin Ocharacteristics

Assumingfor C

Odd 0 characteristics effectivesemicammaldivisors

Have

circles ofApollonius odd 0 characteristics

8

Monodromy of Symmetry group

Apolloniancircles of 5
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Theta Characteristics

for Singular Curves



Recall

C smoothproper curve

g
odd s

Thetcharaceristic SIC L LOEWC events

2 orione 12107 Picc 2 1212729

Thetford 72 quadraticform 92 52107 172

gulw hi Low hell mod 2

Weilpaing Jace H 10,212 Hill 2 1C 212

Intersectionpairingmod 2 X J2 J2

RiemannMumford
relations win guwtystqecwitge.ly
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Want locallyfree invertible sheaf L

s.t 192
Wq

What's thisguy
dmhomrik.rs 1

MIRO
Def A scheme is Gorenstein if all localrings areConnoting

This ThederalizingsheafWx is locallyfree if is Gorenstein

qvesonsmootwsufaw.ec
A

Slogan localcompleteintersections Ex Counterexample



TheJacobianofasngularantet
C bereduced Gorenstein

let E 7C be the normalization

Oc EOE of 0

skyscrapersheaf at singularpos
k

Holde HoÉe something

fe to
pic C H'it G Picc



Thejacobianofasmgularmeletr.ee

7 but lt 0c7
or

Then from LES
singular

normalization

JIC jic o

so T LJ TAL is Turial on

Efron
structure want

go char

0 to 321C Jaic
want know



TheJacobanofangularcure

2.2 T2 is the mullspace of the bilinearform 1

BE It can beshownfrom thedefinitionthat

win witty
from which we see that w ath o

2 3 The restrictiongulp is a linearfunctional

2.4 a is independentofchoiceof L

Def The linearpartofthe thetaform is l fur T2 F2



CourtingO

charactensticsonsngularcaresgi.ie
sum ofgenera ofcomponents of E

K rank T2

2.7 If the linearpart II 0 then

St 5 5 2254 1

2.8 If 1 0 then

either St 29ᵗʰ 25 1 5 25 1 11251

or the other way around



CourtingOcharacteristicsonsingulareans

ProofofII

Key By definitionof the linear part

for any 0 characteristic L and W E M we have

no Low w h l mod 2

Considerfibers of J2 C Jal

ppm L uegaglppy
Y

cosetLot

Ihalfeven.halfodd
St s s 225ᵗʰ 1



Thestructureofthegroupf

Q what.is k

V2 2 torsion lineballs on thatbecome trivial on E

What's such a line bundle

Eg Twisted cubic PG
trivial P
line
hall

at De En

nodal cubic C 1 KINE
1 1



ThesemtureofF_

Claims All elements of V2 arise this way

Def for the normalization C let pi pn be
the preimages of a node p
Define Lpi to be the line bundle obtained from
gluing OT with a 1 1 twist between pi and otherpj

Then

the T2 hasgenerators epi Lpi for all singularpoints p
and relations atp Eepi D

at inred component Ej Egg 0



CorclesofApollomin Ocharacteristics

Recall that the sextic has 6 nodes

and I disjoint union of 3 rational curves

i

1
12 generators for all i piitpiz 0

The 4 pts on each branch sum up to 0 independent
generators



CorclesofApollomin Ocharacteristics

50 Apollonian circles

odd 0 characteristics

24 0 1

8

Analyzing the action of F on 5

GAP 32 49
Monodromy inner holomorph of D8

D8 Ian Ds
I



Otheramusingapplocations

BE Syzygeticquadruples of odd theta characteristics

on a 2,2 type songularplane quartic



Otheramusingapplocations

Ampersand curve Trifolium curve 3 leafedclover

EI

1 imaginary bilangent



Otheramusingapplications

Module theoreticmeaning
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Def A reduced connected nodal curve C is quasistable

if for any rational component E

i KE EN EE 22 exceptionalcomponent

E for all E E sit KE KE En E 0

Def theoremdefn A stable spin curve ofgenusg is C O β
C quasiseable of arithmetic genus g
o pie C Ok 0 11 for all exceptionalcompE

β 02 Wc sheafhoms.c.pl 0for all excp E

The modulestackofspincurves 5g parametrizes 5
Sg 55

5g g
29
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